We present a lattice QCD determination of the vector and scalar form factors of the semileptonic K → π ν decay which are relevant for the extraction of the CKM matrix element |V us | from experimental data. Our results are based on the gauge configurations produced by the European Twisted Mass Collaboration with N f = 2 + 1 + 1 dynamical fermions, which include in the sea, besides two light mass degenerate quarks, also the strange and the charm quarks. We use data simulated at three different values of the lattice spacing and with pion masses as small as 210
I. INTRODUCTION
In the Standard Model (SM) of particle physics the relative strength of the flavor-changing weak quark currents is parametrized by the unitary Cabibbo-Kobayashi-Maskawa (CKM) matrix [1] , which provides the only source of CP violation in the quark sector. The unitarity of the CKM matrix implies various relations between its matrix elements, known as the unitarity triangles. The goal of flavor physics experiments is the measurement of the angles and sides of the unitarity triangles as well as the determination of many redundant observables sensitive to the CKM matrix elements. The consistency of such a plethora of measurements would be spoiled by possible deviations from the SM, signalling the presence of New Physics (NP). Therefore an accurate determination of the CKM matrix elements is crucial both for testing the SM and for searching NP.
Let us focus on the determination of the Cabibbo's angle, or equivalently the CKM matrix element |V us |, which enters both the leptonic kaon (K 2 ) decays via the axial quark current and the semileptonic kaon (K 3 ) decays via the vector quark current [2] . According to the V − A structure of the SM weak current the decay rate of both processes should provide the same result for |V us |, once the relevant hadronic quantities, namely the ratio of the kaon and pion leptonic decay constants f K /f π and the semileptonic vector form factor at zero four-momentum transfer f + (0), are determined starting from our fundamental theory of the strong interactions, i.e. from QCD. As well known, such a task can be properly carried out by simulating QCD on a lattice.
The history of the efforts in predicting both f K /f π and f + (0) using Lattice QCD (LQCD) is nicely summarised in the recent reviews [3, 4] of the Flavor Lattice Averaging Group (FLAG). As far as the form factor f + (0) is concerned, the first attempt to calculate it on the lattice dates back to the work of Ref. [5] , which was performed in the quenched approximation (N f = 0) with simulated pions not lighter than 500 MeV. Since then several improvements have been achieved and the most important ones are the inclusion of the effects of the loops of dynamical sea quarks, thanks to the production of unquenched gauge ensembles with N f = 2, 2 + 1 and 2 + 1 + 1 sea quarks, and the simulation of lighter pions, which have recently reached the physical point [6, 7] . Only one calculation of f + (0)
exists to date [6] with four flavors of dynamical quarks (N f = 2 + 1 + 1), which include in the sea, besides two light mass degenerate quarks, also the strange and the charm quarks.
In this work we present a new LQCD prediction of the form factor f + (0) obtained using the ensembles of gauge configurations produced by the European Twisted Mass (ETM)
Collaboration with N f = 2 + 1 + 1 dynamical quarks [8, 9] . Furthermore, we have evaluated the strangeness changing vector f + (q 2 ) and scalar f 0 (q 2 ) form factors in the whole range from 0.7m s to 1.2m s , where m ud and m s are the physical values of the (renormalized) average up/down and strange quark masses, respectively, as determined in Ref. [14] . The lattice spacings are found to be a = {0.0885 (36) , 0.0815 (30) , 0.0619 (18) } fm at β = {1.90, 1.95, 2.10} respectively, the lattice volume goes from 2 to 3 fm, and the pion masses, extrapolated to the continuum and infinite volume limits, range from 210 to 450 MeV (see later Table I and Ref. [14] for further details).
We present our study of the semileptonic K → π form factors using the results of the eight branches of the analysis carried out in Ref. [14] for determining the up, down, strange and charm quark masses. The various branches differ by: i) the choice of the scaling variable, which was taken to be either the Sommer parameter r 0 /a [21] or the mass of a fictitious pseudoscalar (PS) meson made of two strange-like quarks aM s s ; ii) the fitting procedures, which were based either on Chiral Perturbation Theory (ChPT) or on a polynomial expansion in the light quark mass (for the motivations see the discussion in Section 3.1 of Ref. [14] ); and iii) the choice between two methods, denoted as M1 and M2 which differ by O(a 2 ) effects (see, e.g., Ref. [22] ), used to determine non-perturbatively the values of the mass renormalization constant (RC) Z m = 1/Z P [14] . Throughout this work the results corresponding to the various branches of the analysis are combined to form our average and error according to Eq. (28) of Ref. [14] .
The final results for the form factor f + (0) and the CKM matrix element |V us | we present in this paper are f + (0) = 0.9709 (46) , |V us | = 0.2230 (11) .
Once the determinations of |V ud | from superallowed nuclear β decays [23] and of |V ub | from B-meson decays [24] are adopted, the unitarity test of the first-row of the CKM matrix becomes |V ud | 2 + |V us | 2 + |V ub | 2 = 0.99875 (41) V ud (49) Vus = 0.99875 (64) ,
which highlights a slight tension with unitarity at the level of ∼ 2 standard deviations. Note also that the total uncertainty in the r.h.s. of Eq. (2) is below the permille level and the contribution due to the error on |V us | is comparable with the one related to |V ud |.
As for the q 2 -dependence of the semileptonic vector f + (q 2 ) and scalar f 0 (q 2 ) form factors, the same dispersive parameterization used to describe the experimental data [2, 10] has been adopted to fit our results extrapolated to the physical point. The dispersive fit depends on two parameters, Λ + and C, which represent respectively the slope of the vector form factor
) and the scalar form factor f 0 (q 2 ) at the (unphysical)
which compare positively with the latest experimental results [10] 
The physics described by our simulations and used throughout this work corresponds to the isospin symmetric limit of QCD, where m u = m d = m ud , assuming also zero quark electric charges. Therefore, isospin breaking and electromagnetic corrections have to be added separately in phenomenological analyses (see, e.g., [2] ).
The paper is organized as follows. In Section II we present the computational strategies adopted to extract the semileptonic form factors f + (q 2 ) and f 0 (q 2 ) from the 2-and 3-point correlation functions evaluated on the lattice using both the vector and scalar strangeness changing quark currents. In Section III and IV we present our results at the physical point and in the continuum limit coming from two different strategies. The first one is based on the study of the momentum dependence of the form factors f + (q 2 ) and f 0 (q 2 ) to obtain the form factor f + (0) at each simulated light-quark mass m and then to extrapolate the results for f + (0) to the physical point m = m ud and to the continuum limit. The second strategy uses a combined fit of the q 2 , m and lattice spacing dependencies of our form factor data, obtaining in this way the momentum dependence of the form factors at the physical point for both spacelike and timelike q 2 . We provide a set of synthetic data points representing our results for f + (q 2 ) and f 0 (q 2 ) at the physical point for several selected values of q 2 , including also the covariance matrix for the data at different values of q 2 . We compare our results with the experimental data obtaining a very good agreement in the whole range of values of q 2 measured in K 3 decays. In Section V we present our determination of the CKM matrix element |V us | and we test the unitarity of the first-row of the CKM matrix. Our conclusions are summarised in Section VI.
II. LATTICE COMPUTATION OF THE FORM FACTORS
The matrix element of the strangeness changing vector currentV µ between kaon and pion states decomposes into two form factors, f + and f − , as
where q µ = (p K − p π ) µ is the 4−momentum transferred between the kaon and the pion.
The scalar form factor f 0 is defined as
and satisfies by definition the relation f + (0) = f 0 (0). The form factor f 0 is proportional to the 4-divergence of V µ , which in turn, thanks to vector Ward-Takahashi identity, is related to the matrix element of the strangeness changing scalar densityŜ between kaon and pion states, leading to
Equations (5) and (7) represent a system of redundant relations between the two form factors f + (q 2 ) and f 0 (q 2 ) and the matrix elements V µ and Ŝ . The latter can be determined by studying the time dependence of suitable combinations of (Euclidean) 2-and 3-point correlation functions, namely
where t is the time distance between the source and the sink, t is the time distance between the insertion of the current Γ ∈ {V µ ,Ŝ} and the source, P
are the (local) interpolating fields of the pion and kaon mesons. In our lattice setup the Wilson parameters of the two valence quarks in any PS meson are always chosen to have opposite values, i.e. r s = r u = −r d . In this way the squared PS mass differs from its continuum counterpart only by terms of O(a 2 m) [18] .
The statistical accuracy of the correlators (8-9) can be significantly improved by using the all-to-all quark propagators evaluated with the so-called "one-end" stochastic method [26] , which includes spatial stochastic sources at a single time slice chosen randomly (see Ref. [27] , where the degenerate case of the pion is illustrated in details). Statistical errors are always evaluated using the jackknife procedure, while cross-correlations are taken into account by the use of the eight bootstrap samplings corresponding to the eight analyses of
Ref. [14] summarised in Section I. In Table I we summarize the basic simulation parameters as well as the pion and kaon masses corresponding to each ensemble used in this work. At large values of the time distances t, t and (t − t) one has
where E π(K) is the pion (kaon) energy and 
is the meson mass extracted from the 2-point correlator corresponding to the meson at rest.
In our lattice setup we employs maximally twisted fermions and therefore the vector V µ and the scalarŜ currents renormalize multiplicatively [18] . Introducing the local bare currents V µ (x) ≡ s(x)γ µ u(x) and S(x) ≡ s(x)u(x) and keeping the same value for the Wilson parameters of the initial and final quarks (i.e. r s = r u ), one haŝ
where Z V and Z P are the renormalization constants (RCs) of the vector and pseudoscalar densities for standard Wilson fermions, respectively, determined using the RI'-MOM method in Ref. [14] . The twisted quark masses renormalize multiplicatively with a RC Z m given by
, which means that the product (m s − m ud ) Ŝ does not depend on the RC Z P . Therefore, according to Eq. (7), the scalar form factor f 0 (q 2 ) is related to the (bare) matrix element S by
where µ and µ s are the light and strange bare quark masses, respectively.
The (renormalized) matrix elements V µ can be extracted from the time dependence of suitable ratios R (V ) µ of the 3-point correlation functions, defined as in Eq. (9) but using the local bare current V µ (x), namely for µ = 0, 1, 2, 3
where the time distance between the source and the sink has been fixed 2 at t = T /2. We point out that the denominator of Eq. (15) is simply the numerator evaluated in the massdegenerate limit for the valence quarks in the current. Denoting the bare masses of the quarks in the current as (µ 1 , µ 2 ), the two correlation functions in the numerator correspond to (µ s , µ ) and (µ , µ s ), respectively, while the denominator refers to the cases (µ , µ ) and (µ s , µ s ). Though mass-degenerate the current quarks in the denominator have the same lattice regularisations of the corresponding quarks in the numerator. Thus the same RC Z V is present at numerator and denominator and it cancels out in the ratio.
At large time distances t a plateau is expected to occur, viz.
which, we stress, does not depend on the RC Z V and on the matrix elements Z π and Z K of the interpolating PS fields. Moreover, thanks to charge conservation one has π(p π )|V µ |π(p π ) = 2p πµ and K(p K )|V µ |K(p K ) = 2p Kµ up to lattice artefacts, and therefore the plateau of
µ (t; p K , p π ) at large time distances provides directly the quantity | V µ | 2 . Taking the square root the absolute value of the matrix element V µ is obtained, while the sign of V µ can be easily inferred from the sign of the plateau of the ratio C Kπ Vµ (t,
at large time distances. Note that when a spatial component of either the pion or the kaon momentum is vanishing,
vanishing and cannot be used in the denominator of the r.h.s of Eq. (15) . In these cases
In the case of both pion and kaon at rest only the time component R (V ) 0 can be constructed providing a quite precise determination of the scalar form factor f 0 (q 2 ) at kinematical end-
In our present simulations Eq. (17) allows to achieve a precision for f 0 (q 2 max ) ranging from 0.02% to 0.5% (see later Table III ).
In the case of the scalar density we investigate the time dependence of a suitable double ratio R (S) of 2-and 3-point correlation functions, defined in terms of the local bare density
At large time distances t one gets
which provides directly the (bare) quantity | S | 2 independently on the matrix elements Z π and Z K of the interpolating PS fields. As in the case of the vector current, taking the square root of R (S) the absolute value of the matrix element S can be obtained, while the sign of S can be easily inferred from the sign of the plateau of the ratio and to take advantage of the statistically precise quantity R (V ) 0 (t; 0, 0) we introduce a new scalar ratio R (S) , which combines 3-point correlators corresponding to both scalar and vector quark currents, defined as
where K is a simple kinematical factor depending on meson and quark masses, namely
At large time distances t one gets again (up to lattice artefacts which may differ from those of the ratio R (S) ) (18) and (20) In lattice QCD simulations the spatial components of the hadronic momenta p j (j = 1, 2, 3) are quantized. The specific values depend on the choice of the boundary conditions (BC's) applied to the quark fields. In Refs. [28, 29] it was proposed to use (partially) twisted BC's for the (valence) quark fields
which allow to shift the quantized values of p j by an arbitrary amount equal to 2πθ j /L,
where the n j 's are integer numbers. Such a choice is crucial for removing the strong limitations to the kinematical regions accessible for the investigation of momentum dependent quantities (like e.g. form factors), imposed by the use of periodic BC's (i.e. θ j = 0). In
Refs. [30, 31] it was shown that the momentum shift produced by the partially twisted BC's does not introduce any additional noise and allows to determine the form factors of the K 3 decays with good accuracy for both spacelike and timelike 4−momentum transfer q 2 .
The partially twisted BC's can be tuned to determine the K 3 form factors directly at the relevant kinematical point q 2 = 0 [32, 33] , avoiding in this way the need for an Ansatz with which to perform the q 2 -interpolation of the form factor data 3 . Such a direct strategy has been used in the recent computations of f + (0) performed by the FNAL/MILC [6] and RBC/UKQCD [7] collaborations. In this work, instead, we study the momentum dependence of both the scalar and vector form factors in order to compare it with the experimental data, while profiting at the same time of the high precision achievable for the scalar form factor near the kinematical end-point q 2 = q 2 max (see Refs. [5, 30, 34] ). Note in particular that, thanks to the use of the new ratio (20) , the high-precision determination of f 0 (q 2 max ) from the vector quark current improves significantly the evaluation of the scalar form factor f 0 (q 2 )
from the scalar density also at q 2 0 (see Fig. 1 ).
According to Ref. [18] the matrix elements V µ and S can be O(a)-improved by averaging the two kinematics with opposite spatial momenta of the initial and final mesons,
The effect of the above averages turns out to be quite mild (within the statistical errors)
in the case of both the time component of the vector current and the scalar density, while it is found to be significant for the matrix elements of the spatial components of the vector current.
We impose on the valence quark fields twisted BC's in the spatial directions and antiperiodic BC's in time. On the other hand the ETMC gauge configurations have been produced by including in the sea dynamical quarks with periodic BC's in space and anti-periodic ones in time. It has been shown [35, 36] 
where the values of θ adopted for the various gauge ensembles are collected in Table II . For the calculation of the relevant 3-point correlation functions C Kπ Vµ (t, T 2 ; p K , p π ) and
; p K , p π ) we consider the spectator d-quark at rest and apply the partially twisted BC's (28) to the initial s-and final u-quarks. In this way the kaon and pion momentum are
, where θ K and θ π assume the values of the parameter θ given in Table II for each gauge ensemble.
Since we are using spatially symmetric twisted BC's, the matrix elements of the spatial components of the vector current V i imp are equal to each other. Therefore, in order to improve the statistics, we average them to get
The nice quality of the plateaux for the matrix elements V 0 imp , V sp imp and S imp is illustrated in Fig. 2 . The time intervals adopted for the fits (16) and (22) in Ref. [14] . We have also checked that the more conservative choice [
for the lattices with time extension T /a = 64 and 96 yield changes in the extracted matrix elements well below the statistical uncertainty 4 .
To sum up, from the 2-point and 3-point lattice correlators we determine three O(a)-improved matrix elements, namely V 0 imp , V sp imp and S imp , which are related to the scalar f 0 (q 2 ) and vector f + (q 2 ) form factors by the redundant system of relations given by
We determine the form factors f 0 (q 2 ) and f + (q 2 ) by minimizing the χ 2 -variable constructed using the three Eqs. (30) (31) (32) .
After a small interpolation of our lattice data to the physical value of the strange quark mass m s = 99.6(4.3) MeV, determined in Ref. [14] , we present in the next Sections our results at the physical point and in the continuum limit coming from two different strategies. 4 Excited states may contaminate the double ratios (16) and (22) in a t-independent way. However in the case of the ratio C The first strategy is based on the study of the momentum dependence of the form factors f 0 (q 2 ) and f + (q 2 ) using either the z−expansion of Ref. [37] or a polynomial fit. In this way we determine the form factor f + (0) at each simulated value of the (renormalized) lightquark mass m . Then the results obtained for f + (0) are extrapolated to the physical point m = m ud and to the continuum limit using either SU(2) [38] or SU(3) [39, 40] Chiral Perturbation Theory (ChPT) predictions.
The second strategy, inspired by our previous work [41] done with the N f = 2 ETMC gauge ensembles, is based on a combined fit of the q 2 , m and lattice spacing dependencies of our lattice data for the form factors f 0 (q 2 ) and f + (q 2 ) together with the result for the ratio of the kaon and pion leptonic decay constants f K /f π obtained at the chiral point in
Ref. [15] . The latter quantity is used for imposing the constraint coming from the Callan-Treiman theorem [25] . In the first strategy, for each gauge ensemble we fit simultaneously our lattice data for f +,0 (q 2 ) using the z-expansion as parametrized in Ref. [37] , namely
where a
+,0 , a
+,0 , M V and M S (representing the vector and scalar pole masses, respectively,) are kept as free parameters and z is defined as
with t + and t 0 given by
The condition f + (0) = f 0 (0) is imposed by rewriting Eq. (33) in the form
where z 0 ≡ z(q 2 = 0), reducing in this way the number of free parameters to five for each gauge ensemble.
We also fit the q 2 -dependence of the form factors using an alternative, simple Ansatz (a quadratic fit in q 2 ), obtaining nearly identical results, as it can be seen in the left panel of The results for f + (0) obtained using the z-expansion or the quadratic fit in q 2 are collected in Table III for each value of the (renormalized) light-quark mass. It can clearly be seen that the values of f + (0) corresponding to the two different ansätze for the q 2 -dependence differ by less than 1/4 of the statistical errors, which represents therefore a sub-dominant effect (see also Ref. [34] ). Notice also that: i) the two lattice points calculated at the same lattice spacing and light-quark mass but different volumes (corresponding to the ensembles A40.24 and A40.32) are compatible within 1 standard deviation, and ii) finite size effects (FSEs) are expected to be maximal for the ensemble A40.24, having the coarsest lattice spacing with the smallest pion mass and lattice volume (see Ref. [14] ).
In order to compute the physical value of the form factor f + (0), we perform the extrapolation to the physical point using both SU(2) [38] and SU(3) ChPT predictions [39, 40] .
For the SU(2) ChPT Ansatz we use
where ξ ≡ 2Bm /16π 2 f 2 with B and f being the SU(2) low-energy constants (LECs) entering the LO chiral Lagrangian and determined in Ref. [14] , while the quantities F + , C 1 , C 2 and D are free fitting parameters. In Eq. (37) we have added quadratic terms in ξ, C 2 ξ 2 , and in the lattice spacing, D + (a/r 0 ) 2 , in order to take into account next-to-next-to-leading order (NNLO) ChPT and O(a)-improved discretization effects, respectively.
The SU(3) ChPT expansion of the form factor f + (0) reads as
where the NLO term f 2 does not depend on any NLO LEC and it can be written in terms of meson masses, namely [39, 40] 
with
In Eq. (38) the quantity ∆f represents NNLO contributions and beyond, which we parametrize in our fit as
where ∆ 0,1,2 are free parameters. Equations (38-41) verify the constraint imposed by the Ademollo-Gatto theorem [42] at any value of the lattice spacing, i.e. deviations of f + (0) from unity are at least quadratic in the SU(3)-breaking parameter (M
. We tried also an alternative Ansatz for ∆f in which the Ademollo-Gatto theorem is satisfied only in the continuum limit, namely ∆f
however a fit of poorer quality to the lattice data.
Notice that: i) in the SU(3) fit of our lattice data the strange quark mass is fixed at its physical value, and ii) in Eq. (40) the pion decay constant f at the chiral point can be replaced by its value f π at the physical point. The difference is a NNLO effect that should be reabsorbed by ∆f . We have verified that the final result for f + (0) at the physical point is almost independent on the precise choice of the pion decay constant f appearing in Eq. (40), once Eq. (41) is included in the fit.
The chiral and continuum extrapolations of f + (0) are shown in Fig. 4 for both the SU (2) and SU(3) fits. Combining the two analysis we get our result for the vector form factor f + (0) at the physical point and in the continuum limit:
where () stat+f it indicates the statistical uncertainty which includes also the one induced by the fitting procedure, while () input takes into account the uncertainties present in the determination of the input parameters [14] , namely the values of the average u/d quark mass m ud , the lattice spacing a and the SU(2) ChPT low energy constants f and B. The systematic uncertainty, indicated as () syst , is dominated by the chiral extrapolation error, (37) and (41) a term proportional to (a/r 0 ) 4 (adopting for the coefficient a prior equal to 0 ± 3), and turns out to be below the permille level.
Before closing this section we note that for each bootstrap event we use the uncorrelated χ 2 -variable for our fits. The χ 2 is not used to estimate the errors on the fitting parameters, which are always evaluated with the boostrap procedure, in which correlations are automatically taken into account. Since part of the uncertainties in our fits have also a systematic origin, like the distribution of the input parameters in the analyses carried out in Ref. [14] , the χ 2 -distribution is not fully significant in order to quantify the quality of the extrapolations. Indeed, the goodness-of-fit tests would require statistical errors only. Nevertheless, we note that the values of χ 2 in the various fits carried out for the chiral and continuum extrapolations turn out to comparable. This is the reason why we combine the results corresponding to the various branches of the analysis with the same weight, according to Eq.
(28) of Ref. [14] .
IV. SECOND STRATEGY: COMBINED FIT
In this Section we present the results of our second strategy in which we extrapolate the form factors f + (q 2 ) and f 0 (q 2 ) to the physical point for a wide range of values of q 2 , which includes the q 2 -region accessible to experiments, i.e. from q 2 = 0 to the kinematical
We perform a combined fit of the q 2 -, m -and a-dependencies of the form factors using either the SU(2) ChPT inspired prediction proposed in Ref. [41] or a modified z-expansion.
In both cases we include the constraint arising from the CT theorem [25] , which relates the scalar form factor f 0 (q 2 ) calculated at the unphysical point
π to the ratio of the leptonic decay constants f K /f π in the SU(2) chiral limit.
A. SU(2) ChPT inspired Ansatz
Following Ref. [41] we derive the first Ansatz based on SU (2) ChPT starting from the expansion of the NLO SU(3) ChPT predictions for the semileptonic form factors [39, 40] 
The coefficient of the pion chiral log in Eq. (43) 
0 (s) contributes to the leading chiral log, obtaining for the scalar form factor f 0 (q 2 max ) a final coefficient equal to (−11/4) in agreement with Ref. [38] .
As for the q 2 -dependence, the results of the previous Section suggest that a simple pole
Ansatz is able to reproduce quite well the lattice data for each gauge ensemble (see Eq. (36)).
Note that the pole behavior is not predicted by either SU(3) or SU(2) ChPT at NLO [39, 40] , being a higher order effect. Moreover, the slopes of the form factors f +,0 (q 2 ) at q 2 = 0 (i.e. the parameters 1/M 2 V,S in Eq. (36)) determined for each gauge ensemble exhibit an almost linear dependence on the light-quark mass m and on the squared lattice spacing a 2 . In particular, as expected from the vector meson dominance model, the slope of the vector form factor extrapolated at the physical point is found to be consistent with the location of the physical K * (892) resonance.
Thus our Ansatz for the vector and scalar form factors, inspired by SU (2) ChPT, has the following form Instead FSEs do not exceed ∼ 1 standard deviation for the form factor at q 2 = 0. We remind that FSEs are expected to be maximal for the ensemble A40.24.
The lattice data for the two volumes can be fitted by a simple pole Ansatz at each lattice volume separately (see dashed lines in Fig. 5 ). This however cannot tell us anything about the infinite volume limit. To this end we include FSEs on the the slopes of the form factors f +,0 (q 2 ) at q 2 = 0 by introducing the following phenomenological parameterization
where D In Fig. 5 we have given the predictions at infinite volume obtained using Eq. (46) for the slopes in the two cases α ef f = 0 and α ef f = 3/2. It can be seen that in both cases the predictions at infinite volume are consistent with the data at the largest volume. The spread between the results obtained using α ef f = 0 and α ef f = 3/2 will be used to estimate the systematic uncertainty related to FSEs.
C. Modified z-expansion Ansatz
The second Ansatz for describing the q 2 -, m -and a-dependencies of the form factors is a modified version of the z-expansion given by Eq. (36), in which we take into account, as in Eq. (45) , that the slopes of the form factors at q 2 = 0 have an almost linear dependence on the (renormalized) light-quark mass m and on the squared lattice spacing a 2 . We write
where f SU (3) + (0) is given by Eqs. (38) (39) (40) (41) ,M V is a parameter taken to be equal to the mass of the vector K * (892) resonance andM S is left as a free parameter in the fit.
We include in our analysis the constraint coming from the CT theorem [25] , which states that the scalar form factor f 0 (q 2 ) at the (unphysical) CT point
π , differs from the ratio of the leptonic decay constants f K /f π by terms which are proportional to the light-quark mass, namely:
Therefore, in the SU(2) chiral limit the scalar form factor f 0 (q
K coincides with the ratio of the leptonic decay constants f K /f , where f K and M K are the SU(2) chiral limits of f K and M K , respectively. The CT theorem is therefore equivalent to impose on the parameters of Eqs. (45) and (47) the following constraints
where f 2 is the SU(2) chiral limit of Eq. (39) and the value for the ratio f K /f is taken from the determination performed in Ref. [15] .
Taking into account the constraints coming from the CT theorem the number of free parameters for the SU(2) and modified z-expansion fits is 11 and 14, respectively. Generally speaking, all these parameters are functions of the strange quark mass, which however is fixed in our analysis at its physical value.
The quality of both the SU(2) ChPT and the modified z-expansion fits to our data is quite good and it is illustrated in Fig. 6 in the cases of the three ensembles A50.32, B35.32
and D20.48.
The good scaling behavior of our lattice data for the vector and scalar form factors is illustrated in Fig. 7 , where we have shown the results obtained after a small interpolations at the reference value m = 20 MeV for the light-quark mass and at few reference values of the variable q 2 /M 2 K . The data depends mildly on a 2 and the discretization effects do not exceed the permille level.
In Table IV we provide a set of synthetic data points with the corresponding total uncertainties representing our results for the vector and scalar form factors, extrapolated to the physical pion mass and to the continuum and infinite volume limits, for 12 selected values of q 2 in the range between q 2 = −q its coefficient a prior distribution equal to 0 ± 3.
D. Dispersive parameterization
In order to fit the q 2 -dependence of our synthetic data points we have used the same parameterization adopted in the analyses of the experimental data [2, 10] , namely the dispersive parameterization of Ref. [45] which reads where the dispersive functions H(q 2 ) and G(q 2 ) are given by
2 . The parameters Λ + and C represent the slope of the vector form factor f + (q 2 ) at q 2 = 0 (in units of M 2 π ) and the value of the scalar form factor f 0 (q 2 ) at the
, respectively. In Eqs. (51-52) the quantities φ + and φ 0 can be identified in the elastic region with the P -wave and S-wave phase shifts of the (Kπ) I=1/2 scattering. The functions H(q 2 ) and G(q 2 ) have been estimated numerically in Ref. [45] with a 10% accuracy and their contributions do not exceed 20% of the value of Λ + and log(C), respectively.
After performing a Taylor expansion of the form factors (49-50), viz.
one has [45] λ + = Λ + , and
We have applied the dispersive parameterization (53-55) to the synthetic data points of Table IV , having three parameters to be determined, namely: the form factor f + (0), the vector slope Λ + and the logarithm of the scalar form factor at the CT point divided by f + (0), log(C). Using our bootstrap samples, which allow to take properly into account the correlations among the synthetic data points, we have obtained 
where all the uncertainties are combined in quadrature in the final error and the systematic error takes into account the uncertainties related to the chiral extrapolation, finite volume and discretization effects. The error budgets are given in Table V and the correlation coefficients are equal to 
The agreement is illustrated in Fig. 8 , where the (68% likelihood) contour corresponding to our results (57-58), taking into account the correlation coefficient (61), is compared with the corresponding information coming from various K 3 experiments (taken from Refs. [2, 10] ) and with the updated FlaviaNet average of Ref. [10] .
The momentum dependence of the vector and scalar form factors obtained from our dispersive fits can be inferred from Fig. 9 , where the results for f +,0 (q 2 ) are multiplied by |V us | = 0.2230 (see later Eq. (64)) and compared with those obtained in Ref. [10] by applying the dispersive parameterization of Ref. [44, 45] to the experimental data. The agreement with the experimental data shown in Figs. 8-9 is remarkable in spite of the larger uncertainties affecting the theoretical results. This provides a strong motivation for future investigations of the semileptonic vector and scalar form factors, which will improve the precision of the theoretical predictions not only at the particular kinematical point q 2 = 0, but in the full q 2 -range covered by the experiments, obtaining in this way a more stringent test of the SM in K 3 decays.
In order to allow a direct use of the synthetic data points without using our bootstrap samples, we have calculated the covariance matrix among the synthetic data points of Table   IV . Its dimension is 23 × 23 and it cannot be easily given in tables. We can therefore supply it upon request. 
where the errors come from experiments and from the lattice computation, respectively.
The result (64) may be compared with the determination of |V us | coming from the ratio of the kaon and pion leptonic decay constants f K + /f π + = 1.184 (16) , obtained in Ref. [15] using the same ETMC gauge configurations for the lattice calculations. 
which test the first-row unitarity at the permille level for the K 2 decays and even below for the K 3 modes. In the latter case a slight tension with unitarity at the level of ∼ 2 standard deviations is observed.
VI. CONCLUSIONS
We present a new lattice QCD determination of the vector and scalar form factors of the semileptonic K → π ν decay which are relevant for the extraction of the CKM matrix element |V us | from experimental data.
Our results are based on the gauge configurations produced by the European Twisted 
where all the uncertainties are combined in quadrature in the final error.
Using the latest experimental value of f + (0)|V us | from K 3 decays [10] , we obtain |V us | = 0.2230 (11) .
This allows to test the unitarity constraint of the Standard Model below the permille level once the determination of V ud from superallowed nuclear β decays is adopted, namely
which highlights also a slight tension with unitarity at the level of ∼ 2 standard deviations.
Besides f + (0) we have determined from our lattice data the values of the parameters Λ + and log(C) appearing in the dispersive parameterization (53-55), which is adopted also to describe the experimental data [2, 10] . Our results are given in Eqs. (57-58) and compare positively with the corresponding latest experimental results (62-63) from Ref. [10] . The consistency with the information coming from various K 3 experiments [2, 10] is remarkable, as shown in Fig. 8 .
We have also presented our results for the semileptonic scalar f 0 (q 2 ) and vector f + (q 2 )
form factors in the whole range of values of the squared four-momentum transfer q 2 measured in K 3 decays, obtaining a very good agreement with the momentum dependence of the experimental data, as illustrated in Fig. 9 .
Our findings represent a strong motivation for future investigations of the semileptonic vector and scalar form factors, which will improve the precision of the theoretical predictions not only at the particular kinematical point q 2 = 0, but in the full q 2 -range covered by the experiments, obtaining in this way a more stringent test of the Standard Model in K 3 decays.
Finally we have provided a set of synthetic data points representing our results for the vector and scalar form factors at the physical point for selected values of q 2 in the range between q 2 = 0 and the physical end-point q 2 0.129 GeV 2 (including the covariance matrix for the data at different values of q 2 , which is available upon request).
